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In this paper, by taking the Davey–Stewartson equation as an example, a new construction
procedure based on nonlinear variable separation method is presented to obtain nonlinear
evolution equations with sources for the first time.
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1. Introduction
Nonlinear evolution equations (NLEEs), especially integrable equations, are encountered in lots of domains such as fluid
mechanics, biology, plasma physics, optical fibre communication and quantum field theory. One of the most important
research fields in the investigation of NLEEs is to seek for some special solutions with concrete physical meaning such
as the N-soliton solutions, the algebraic geometry solutions and the Jacobi elliptic function solutions. Although it is well
known that solving NLEEs is much more difficult than solving the linear ones, the development of soliton theory provides
several effective methods such as inverse scattering transformation (IST) [1,2], symmetry reduction [3,4], Hirota’s bilinear
transformation [5,6], formal variable separation method [7–9] and nonlinear variable separation (NLVS) method [10–15].
The NLVS method has been established perfectly for some famous (2+ 1)-dimensional integrable equations such as the
Davey–Stewartson (DS) equation, the Nizhnik–Novikov–Veselov (NNV) equation, the dispersive long wave equation, the
Broer–Kaup–Kupershmidt (BKK) equation and the symmetric sine-Gordon equation [10–12]. In Refs. [13–15], we applied
this method to solve some (1+ 1)-dimensional NLEEs and explained clearly the relations between high-dimensional NLVS
solvable equations and their reduced equations by using Lie symmetry group method. The key of the NLVS method is that
by using the standard truncated Painlevé expansion [16] or Hirota’s bilinear transformation [5,6], the function u becomes
u = U(f , ft , fx, . . .) firstly, then the indirect variable f is separated by a prior variable separation assumption.
Recently, a kind of new NLEE named integrable equations with sources, especially self-consistent sources (SCSs) has
drawn considerable attention of researchers all over theworld,mainly due to their important role inmany science areas such
as hydrodynamics, plasma physics, solid state physics and so on. Following the pioneering work by Mel’nikow [17,18], lots
of NLEEswith SCSs have been constructed via ISTmethod, Darboux transformations andHirota’s bilinearmethod [19–21]. In
Refs. [22–24], authors presented a new algebraic method which is based on corresponding modified N-soliton solutions to
generate NLEEs with SCSs both in continuous and discrete cases. This method called source generalization method provides
a unified way and the SCSs can be considered as an inhomogeneous term for a given NLEE.
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Fig. 1. Steps of the new method.
The purpose of this paper is to construct new DS equation with sources by adding some new functions in corresponding
modified NLVS equation. The solving process can be carried out through the following three steps (or see Fig. 1):
(1) By using Hirota’s bilinear method and direct variable separation assumption, the DS equation without sources is
expressed in corresponding Hirota’s bilinear form.
(2) To modify the constraint conditions of the NLVS solution and introduce some new source functions.
(3) To seek coupled constraint equations whose solutions are just these new source functions. Thus, this coupled system is
the so-called DS equation with sources.
2. The DS equation with sources and NLVS solution
Firstly, we set the following coupled nonlinear forms which expressed in terms of two variables u and v,
I1
def= iut + uxx + uyy + u(vxx + vyy), (1)
I2
def= vxy − 2|u|2. (2)
Thus, the equation
{
I1 = 0
I2 = 0 is just the well-known DS equation [24], where u denotes the complex amplitude and v denotes
the velocity of an underlying mean flow, in the original physical context describing short surface waves.
To discuss further, by using new variables f and g determined by
u = g
f
, v = 2 ln f + v1(x, t)+ v2(y, t), (3)
we can convert Eqs. (1) and (2) to bilinear forms,
I1 = 1f 2
[(−iDt + D2x + D2y)+ v1xx + v2yy] f • g, (4)
I2 = 1f 2
(
DxDyf • f − 2|g|2
)
, (5)
where f and g are a real function and a complex function respectively, and Hirota’s bilinear operator D which is useful to
simplify redundant symbol calculation is defined by
Dmt D
n
xD
k
yf • g = (∂t − ∂t ′)m(∂x − ∂x′)n(∂y − ∂y′)kf (x, y, t)g(x′, y′, t ′)|x′=x,t ′=t,y′=y.
Furthermore, by using the prior variable separation assumption
f = F(x, t)+ G(y, t), g = P(x, t)Q (y, t)ei[R(x,t)+S(y,t)], (6)
and I2 = 0, we can obtain
PQ = δ√−FxGy, −FxGy > 0, δ = ±1 (7)
from Eq. (5). Substituting Eqs. (6) and (7) into Eq. (4), the following form
I1 = −δe
i[R+S]
4(F + G)2(−FxGy) 32
[
(F + G)(4RtF 2x G2y + 4StF 2x G2y + 4F 2x G2yR2x + 4F 2x G2yS2y + G2yF 2xx
+ F 2x G2yy − 4F 2x G2yv1xx − 4F 2x G2yv2yy − 2FxG2yFxxx − 2F 2x GyGyyy)− 2iFxGy(−2FtFxGy
− 2GtFxGy − 4F 2x GyRx − 4FxG2ySy + FGyFxt + GGyFxt + 2FGyRxFxx + 2GGyRxFxx
+ FFxGyt + GFxGyt + 2FFxSyGyy + 2GFxSyGyy + 2FFxGyRxx + 2GFxGyRxx + 2FFxGySyy + 2GFxGySyy)
]
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can be found. For separating variables of the above equation, we simplify it to
I1 = −δe
i[R+S]
4(F + G)2(−FxGy) 32
{
(F + G)
[
G2y
(
4RtF 2x + 4F 2x R2x + F 2xx − 4F 2x v1xx − 2FxFxxx
)
+ F 2x
(
4StG2y + 4G2yS2y + G2yy − 4G2yv2yy − 2GyGyyy
)]− 2iF 2x G2y[(−2+ F + GFx ∂x
)
(Ft + 2FxRx)
+
(
−2+ F + G
Gy
∂y
)
(Gt + 2GySy)
]}
. (8)
Thus, if setting
4RtF 2x + 4F 2x R2x + F 2xx − 4F 2x v1xx − 2FxFxxx = c0F 2x ,
4StG2y + 4G2yS2y + G2yy − 4G2yv2yy − 2GyGyyy = −c0G2y,
Ft + 2FxRx = c1 + c2F + c3F 2,
Gt + 2GySy = −c1 + c2G− c3G2,
namely,
v1 = ∂−2x
[
Rt + R2x +
F 2xx
4F 2x
− Fxxx
2Fx
− c0
4
]
, (9)
v2 = ∂−2y
[
St + S2y +
G2yy
4G2y
− Gyyy
2Gy
+ c0
4
]
, (10)
R = ∂−1x
[
c1 + c2F + c3F 2 − Ft
2Fx
]
, (11)
S = ∂−1y
[−c1 + c2G− c3G2 − Gt
2Gy
]
, (12)
where cj ≡ cj(t), (j = 0, 1, 2, 3) and ∂−1 means integration, we have I1 = 0 and this means that a NLVS solution of the
usual DS equation is obtained.
Lemma 1. The (2+ 1)-dimensional DS equation
{
I1 = 0
I2 = 0 admits a NLVS solution,
u = ±
√−FxGy
F + G exp [i(R+ S)] ,
v = 2 ln [F + G]+ ∂−2x
[
Rt + R2x +
F 2xx
4F 2x
− Fxxx
2Fx
− c0
4
]
+ ∂−2y
[
St + S2y +
G2yy
4G2y
− Gyyy
2Gy
+ c0
4
]
,
where F ≡ F(x, t),G ≡ G(y, t) need to satisfy the condition−FxGy > 0 and R, S are determined by Eqs. (11) and (12).
Next, to construct new DS equation with sources, we must add some new functions which are used to let I1 = 0 in Eq.
(8), by replacing the constraint conditions (9)–(12). Firstly, we modify Eqs. (9)–(12) to
4RtF 2x + 4F 2x R2x + F 2xx − 4F 2x v1xx − 2FxFxxx = F 2x H1(x, t),
4StG2y + 4G2yS2y + G2yy − 4G2yv2yy − 2GyGyyy = G2yH2(y, t),
Ft + 2FxRx = H3(x, t),
Gt + 2GySy = H4(y, t),
namely,
v1 = ∂−2x
[
Rt + R2x +
F 2xx
4F 2x
− Fxxx
2Fx
− H1
4
]
, (13)
v2 = ∂−2y
[
St + S2y +
G2yy
4G2y
− Gyyy
2Gy
− H2
4
]
, (14)
R = ∂−1x
[
H3 − Ft
2Fx
]
, (15)
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S = ∂−1y
[
H4 − Gt
2Gy
]
, (16)
thus Eq. (8) is changed into
I1 = −δ
√−FxGyei[R+S]
4(F + G)
(
H1 + 2iH3xFx + H2 +
2iH4y
Gy
)
+ iδ
√−FxGyei[R+S]
(F + G)2
(
H3 + H4
)
. (17)
Then, for I1 = 0, we must introduce some new source functions {Φj,Ψk} into Eq. (17) and it means that the following
theorem is obtained.
Theorem 1. The new (2+ 1)-dimensional DS equation with sources
iut + uxx + uyy + u(vxx + vyy) = −δ4 (Φ1Φ2 + Φ3Φ4)+ iδ(Ψ1Ψ2 + Ψ3Ψ4),
vxy − 2|u|2 = 0,
ΦjxyΦj − ΦjxΦjy +
1
2
|u|2Φ2j = 0, (j = 1, 2, 3, 4),
ΨkxyΨk − ΨkxΨky + |u|2Ψ 2k = 0, (k = 1, 2, 3, 4),
admits a NLVS solution,
u = δ
√−FxGy
F + G exp [i(R+ S)] ,
v = 2 ln [F + G]+ ∂−2x
[
Rt + R2x +
F 2xx
4F 2x
− Fxxx
2Fx
− H1
4
]
+ ∂−2y
[
St + S2y +
G2yy
4G2y
− Gyyy
2Gy
− H2
4
]
,
Φ1 =
(
H1 + 2iH3xFx
)√−Fx√
F + G e
iR, Φ2 =
√
Gy√
F + Ge
iS, Φ3 =
(
H2 + 2iH4yGy
)√
Gy√
F + G e
iS, Φ4 =
√−Fx√
F + Ge
iR,
Ψ1 = H3
√−Fx
F + G e
iR, Ψ2 =
√
Gy
F + Ge
iS, Ψ3 = H4
√
Gy
F + G e
iS, Φ4 =
√−Fx
F + G e
iR
where F ≡ F(x, t),G ≡ G(y, t) need to satisfy the conditions−Fx > 0,Gy > 0 and R, S are determined by Eqs. (15) and (16).
Specially, the DS equation with SCSs in Ref. [24] is just a special case of the above equation.
3. Summary
In summary, by taking the DS equation as a simple example, a new construction procedure based on NLVS method is
presented to obtain NLEEs with sources from the viewpoint of inverse problem research. From the constructing process of
the DS equation with sources in Section 2, we believe that this method can be applicable to lots of NLEEs, both continuous
and discrete. In addition, one of themost important thingsmay be that because some lower-dimensional arbitrary functions
are included in the NLVS solutions, many new soliton structures [10–15] may be derived.
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